Abstract Forecasting aftershock probabilities, as early as possible after a main shock, is required to mitigate seismic risks in the disaster area. In general, aftershock activity can be complex, including secondary aftershocks or even triggering larger earthquakes. However, this early forecasting implementation has been difficult because numerous aftershocks are unobserved immediately after the main shock due to dense overlapping of seismic waves. Here we propose a method for estimating parameters of the epidemic type aftershock sequence (ETAS) model from incompletely observed aftershocks shortly after the main shock by modeling an empirical feature of data deficiency. Such an ETAS model can effectively forecast the following aftershock occurrences. For example, the ETAS model estimated from the first 24 h data after the main shock can well forecast secondary aftershocks after strong aftershocks. This method can be useful in early and unbiased assessment of the aftershock hazard.
Introduction
A large earthquake is followed by numerous aftershocks. Forecasting the aftershock activity is not only of practical importance for reducing the seismic risks but also a scientific challenge. Although this decade has witnessed significant development of the probabilistic earthquake forecast [Reasenberg and Jones, 1989; Kagan and Jackson, 2000; Gerstenberger et al., 2005; Helmstetter et al., 2006] , it is still difficult to tailor the forecast model to each aftershock sequence at the early stage of aftershocks. A primary difficulty to do this lies in the substantial deficiency of the data right after the main shock due to dense overlapping of seismic waves [e.g., Ogata, 1983; . As the result, one of the attempts has been the use of the forecasting model estimated from the data for a period prior to the main shock [Marzocchi and Lombardi, 2009; Nanjo et al., 2012; . However, such an approach possibly makes biased forecast, considering significant diversity of statistical properties of an aftershock sequence. Hence, the forecast model should be optimized somehow based on the available data of an ongoing aftershock sequence.
Therefore, sensible and robust estimation of the forecast model based on an early aftershock sequence is strongly required. In our previous works [Ogata and Katsura, 2006; , we proposed a method for estimating the Omori-Utsu (O-U) aftershock decay formula from incompletely detected aftershocks by taking the detection rate of aftershocks into account, aiming to forecast intense aftershock activity in the early period even within 24 h of the main shock. Because of substantial deficiency of the data in such a period, we inevitably employed the O-U formula that is the simplest aftershock model. However, the O-U formula is not always appropriate as data increases in a longer period, because an aftershock sequence generally features hierarchical cascading such as the secondary aftershocks, third-order aftershocks, and so on. Strength of such a characteristic can be well captured by the epidemic type aftershock sequence (ETAS) model [Ogata, 1988] that is a natural extension of the O-U formula. Therefore, in order to adaptively forecast aftershock activity with the individual cascading feature as the data size increases in real time, we here elaborate the method for the ETAS model. By analyzing aftershock data in Japan, we demonstrate that the ETAS model can be estimated from the 1 day span data after the main shock, which well characterizes and forecasts the aftershock activity.
Models and Methods

ETAS Model for Applying to an Aftershock Sequence
The occurrence rate of aftershocks has been traditionally modeled by the Omori-Utsu formula [Omori, 1894; Utsu, 1961; :
where t is the elapsed time from the main shock. Although the O-U formula has been well used in application to an aftershock sequence, the single O-U formula alone cannot be sufficiently accurate for a sequence with conspicuous secondary aftershocks. The ETAS model is a natural generalization of the O-U formula, assuming that any earthquakes can trigger their own aftershocks more or less; the number of the aftershocks depends on the magnitude of the triggering earthquake [Ogata, 1988] . For the ETAS model, the occurrence rate of earthquakes with magnitudes above a given cutoff magnitude M c is given by
where i = 1, 2, …, are observed aftershocks of magnitudes with M i ≥ M c . Here the first earthquake i = 0 corresponds to the main shock, and the conditional information 
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is a history of occurrence times associated with their magnitudes of M c or larger, and θ represents the parameters (K, α, c, and p). Among the parameters of the ETAS models, the α-value stands for the degree of the aftershock cascading, and a larger α-value means that the ETAS model is closer to the O-U formula. In this study we ignore the contribution of background activity, because it would be negligible in analyzing an aftershock sequence from a focal region. We also do not consider the spatial information for simplicity.
On the other hand, it has been well known that many early aftershocks are not registered in seismic catalogs [e.g., Ogata, 1983; . To avoid the estimation bias due to the incompleteness of the data, the O-U formula and the ETAS model have been applied to an observed aftershock sequence for a target period after an elapsed time S from the main shock in which aftershocks with magnitudes of M ≥ M c are completely detected [Ogata, 1983; Guo and Ogata, 1997] . In case of the ETAS model, the main shock and partially observed aftershocks before the time S are used for taking the triggering effect by these events into account. Thus the log likelihood function given the observed data
in the conventional aftershock analysis. Recent development in the methodology identifying more aftershocks from continuous waveform data [e.g., may be useful to shorten the preceding period (0, S). However, at the moment, it does not seem so easy to apply such a method in real time. In a practical situation, we have to deal with the real-time data that are more deficient than the edited hypocenter catalogs. Therefore, our objective in this paper is to make the unbiased and accurate estimation in case of S = 0 for any small M c , making best use of available data.
ETAS Model Estimation From Incompletely Observed Aftershocks
Here we estimate the ETAS model for underlying aftershocks including the missing ones. We first calculate the detection rate r(t | M c ) of observed aftershocks with magnitude M ≥ M c at time t relative to the corresponding underlying events. The method for estimating the detection rate r(t | M c ) is described in the next subsection. Given the estimate of the detection rate r(t | M c ), the occurrence rate of detected aftershocks is given by ν θ (t | H t ) = λ θ (t | H t ) r(t | M c ), where λ θ (t | H t ) is the rate of the underlying aftershocks of magnitude M ≥ M c . Thus, we obtain the log likelihood function of the parameters of the ETAS model for the underlying aftershock activity, as follows:
where j represents the main shock ( j = 0 and t 0 = 0) and the detected aftershocks, and T represents the duration of the estimation period after the main shock. Here we assume that the triggering effect by unobserved The cutoff magnitude is set to be M c = 1.95.
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events in a short time span after the main shock can be negligible due to their small magnitudes as compared to the main shock.
Sometimes the early aftershock data can be too deficient to stably determine the ETAS parameters as will be seen in an example later. In such a case, we may employ an empirical prior probability distribution π(θ) obtained by estimated parameters from many aftershock sequences in the past throughout Japan. Then an estimate can be obtained by maximizing the posterior function
, which leads to the maximization of a penalized log likelihood function ln L(θ | X) + ln π(θ).
Magnitude Frequency Distribution of Incompletely Observed Earthquakes
The frequency distribution of the earthquake magnitudes is modeled by the Gutenberg-Richter (G-R) formula [Gutenberg and Richter, 1944] :
To account for the incomplete detection of earthquakes, the previous studies have introduced the detection rate function q(M) of earthquakes with magnitude M, such that 0 ≤ q(M) ≤ 1. The empirical magnitude frequency distribution for actually observed earthquakes is described by m(M) = g(M) q(M) . An example of the detection rate function is the cumulative of normal distribution or the error function [Ringdal, 1975] , defined as
where the parameter μ and σ, respectively, represent the magnitude of the 50% detection rate and the range of magnitudes of partially detected earthquakes. In general, the detection rate improves with elapsed time 
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after the main shock [Ogata and Katsura, 2006; Iwata, 2008] ; thus, we assume that the parameter μ is the function of the elapsed time such that the observed magnitude distribution m(M | β, μ(t), σ) shifts in time keeping its shape. Here we proposed an objective and adaptive method for estimating both the b-value of the G-R formula and the time-varying detection rate q(M | μ(t), σ) by using the empirical Bayesian procedure . The method is summarized in Section S1 in Supporting Information.
The detection rate r(t | M c ) of the events with M ≥ M c is obtained, by averaging the time-varying detection rate function q(M | μ(t), σ), as follows:
Prospective Residual Analysis
To visually inspect the goodness-of-fit of the estimated ETAS model in the present procedure from the observed data, we compare the cumulative number of the observed aftershocks with M ≥ M c with the one that is calculated from the estimated ETAS model. The theoretical cumulative function Λ(t) of the underlying aftershocks at time t and that Λ Ν (t) of the detected aftershocks can be, respectively, calculated as
Now we define the transformed time τ ≡ Λ N (t). If the estimated model is correct, the observed sequence of aftershocks in the transformed time should follow a stationary Poisson process, and also the observed cumulative number in the transformed time is plotted in a nearly straight line.
Results
We analyze two aftershock sequences of the 2004 Niigata-Ken Chuetsu earthquake (M6.8) and the 1995 Hyogo-Ken-Nanbu (Kobe) earthquake (M7.3) from the Japan Meteorological Agency hypocenter catalog ( Figure 1 ). The Chuetsu sequence is accompanied with conspicuous sequences of secondary aftershocks of several M6 class large aftershocks, whereas the Kobe sequence exhibits inconspicuous secondary aftershocks. Thus, these sequences are typically contrasting examples in applying the ETAS model.
First of all, we have to estimate the detection rate changes in real time from the sequence of magnitudes of observed aftershocks. The estimated b-values and other parameters are listed in Table 1 . The bottom row in Figures 2-5 show that the estimated μ(t) basically decreases with some fluctuations, occasionally exhibits steep rise after some large aftershocks; indeed, large aftershocks lower the detection rate again. This flexible estimation has been carried out by a state-space approach [e.g., , implementing the Bayesian procedure to adapt to such changes in the detection rate, which is described in Section S1 in Supporting Information.
Then, in order to examine whether the ETAS model can be estimated stably from the early aftershock data, we first estimate the ETAS model by applying the maximum likelihood estimation (MLE) method in equation (4) from the 1 day span occurrence data after the main shock. The cutoff magnitude is set to be M c = 1.95. The estimated parameters and their estimation errors are listed in Table 1 .
The estimation errors of the parameters (K, c, and p) are reasonably small, indicating that the parameters are accurately estimated. On the other hand, the estimation error of the parameter α is large, especially for the Kobe sequence (see Table 1 ). This is prominent because the sequence does not include very strong aftershocks. The estimation error of the α-value for the Chuetsu sequence is much smaller than the Kobe sequence, because the Chuetsu sequence includes conspicuous secondary aftershocks of strong aftershocks. However, the estimation error is still large relative to the typical variation of the MLE of α that is estimated from many aftershock sequences in Japan; for example, it is around 0.89 according to Guo and Ogata [1997] . This suggests that it is generally difficult to obtain accurate estimation of the α-value from an early aftershock sequence in which secondary aftershocks are masked by the intense aftershock activity and the lowered detection capability. In case of urgent forecast within 24 h , the O-U formula may work sufficiently well. However, the ETAS model fits better to the majority (about two thirds) of aftershock sequences in Japan than the O-U formula according to the Akaike information criterion ; see also Sections S2.1 and S2.2 in Supporting Information] if we apply the MLE method using equation (3) for a sufficiently long period of the data [Guo and Ogata, 1997] . To deal with this instability problem, we employ an empirical prior distribution π(α) for the α-value as considered by Reasenberg and Jones [1989] for the O-U model in the California case. Namely, we set the prior π(α) to be a normal distribution with the mean 1.98 and the standard deviation 0.89 owing to Guo and Ogata [1997] . The revised estimates of the underlying ETAS model by employing the prior π(α) are also listed on the Table 1 , which demonstrates the stability of the α-value estimation (see also Sections S2.3 and S2.4 in Supporting Information).
To examine the forecasting performance, the time transformation in equation (8) in which the estimated ETAS model from the first 1 day data (Table 1) is extended to the subsequent data of further 9 days. Here the detection rates for the 9 day extrapolation period are sequentially updated. Figures 2  and 4 show that the ETAS model that is estimated from the data for the first day period can well describe the aftershock occurrences even in the extended period where the cumulative curves are almost within 95% error parabola [see Ogata, 1992, Appendix] . In particular, the ETAS model forecasts the conspicuous secondary aftershocks after the strong aftershocks for the Chuetsu sequence ( Figure 2 ).
We also carry out the same analysis by using the O-U formula instead of the ETAS model (Figures 3 and 5) . The estimated parameters are listed in Table 1 . For the Chuetsu sequence, the theoretical cumulative numbers estimated from the O-U formula forecast well only until a large aftershock occurred and then obviously underestimate the observed cumulative number in the later period. For the Kobe sequence, both the O-U formula and the ETAS model can well fit to the observed aftershocks not only in the estimation period but also in the future period because the secondary aftershocks are not strong. 
Conclusions
We have presented a method for estimating the ETAS model from data of incompletely detected early aftershocks. The two key points in our method are (i) that we considered the statistical feature of the deficiency of the data to estimate the underlying aftershock activity and (ii) that we introduced the empirical prior probability distribution for the α-value of the ETAS model for the stable estimation of underlying activity rates. By using the present method, we have shown that the underlying ETAS model can be well estimated from the 1 day span data after the main shock taking account of missing aftershocks. Furthermore, the estimated ETAS model can well forecast the observed complex aftershock occurrences for a moderate time span after the estimation period. See the Supporting Information for some additional discussions. 
Supporting Information for "Estimating the ETAS model from an early aftershock sequence"
S1. Smoothing constraints and their adjustment for the time-varying magnitude distributions
We consider all the detected aftershocks without threshold magnitude in the following procedure. Let t i (i = 1, 2,…, N) be occurrence times of observed aftershocks in an estimation period, and t 0 is the occurrence time of the main shock. For simplicity,
we assume that the time-dependent parameter µ (t) is piecewise constant function such that
Here we use vector notation µ = {µ i ; i = 1,2,..., N} in place of the function µ (t). Also, we represent the vector Μ = {M i ; i = 1,2,..., N} for a sequence of the magnitudes of all the observed aftershocks.
The likelihood function of the parameters characterizing time-varying magnitude frequency distribution can be written as
To stably estimate a high dimensional vector parameter µ, we introduce a prior probability distribution that restricts the second difference of consecutive elements in µ as follows:
where V is a hyper-parameter that adjusts the smoothness restriction in the variation of µ.
Then we can obtain the mode parameter µ * that maximizes the posterior probability distribution given a set of hyper-parameters (β, σ, V)
On the other hand, the optimal estimates of the hyper-parameters are obtained by maximizing the marginal likelihood function (Akaike, 1980a) 
The above high dimensional integration for the marginal likelihood function cannot be analytically calculated because of the non-Gaussian posterior function, but can be approximately calculated by using Laplace's method (e.g., ; namely, the logarithm of the integrand in (S5) (log posterior) is approximated as a quadratic-form function around the posterior mode µ * , so that the posterior function is proportional to a normal probability density function as follows:
where H is the Hessian matrix of the log posterior function at the mode:
Thus we have the approximated marginal likelihood function of (S5) as follows:
Numerically, we use Newton method to obtain the posterior mode using the approximation where the posterior probability distribution is replaced with the Gaussian, and they resulted in the almost same estimates. On the other hand, we found the convergence to the maxima is much faster for the present method than the EM method.
Thus we employ the present method in this paper. See for further details.
S.2. Supplementary Discussions
S2.1. Relationship between the Omori-Utsu forecast and the ETAS forecast
Our previous work aimed to forecast the aftershocks in the first day of the main shock during which a significant fraction of strong aftershocks occur.
On the other hand, the objective of the present paper is to make a longer term forecasting of aftershock activity with the individual cascading feature.
In our previous paper, we inevitably employed the O-U formula that is the simplest aftershock model, because of substantial deficiency of the data available just after the main shock. However, this formula is not always good enough as the number of the observed aftershocks increases in the longer period, because an aftershock sequence generally features the cascading such as secondary aftershocks, third-order aftershocks, and so on. This cascading can appear conspicuously in some stage depending on the characteristic of aftershock activity. Therefore, we here discriminate such characteristics under the substantially incomplete data in the early stage by using the ETAS model that is a natural extension of the Omori-Utsu formula.
Operationally, when we have to adopt one forecast from the two forecasts by using the O-U formula and the ETAS model in an early period, we can choose the better forecasting model in terms of the goodness of the fit of the model to the learning data;
namely, choose the model with the smaller value of the Akaike information criterion (AIC; that is defined by AIC = (−2) max log-likelihood + 2 × (number of adjusted parameters).
In this case, the O-U model has three parameters while the ETAS model has four parameters.
S2.2. Updating the forecasting model
Let describe the Akaike information criterion by AIC = −2 max θ log L(θ) + 2dim{θ}, which is used for comparison of the goodness of fit of competing models when applied to the same data set. Here, dim{θ} represents the number of adjusted parameters. A model with a smaller AIC value shows a better fit to the data.
Let us set the current time T present , and assume first that the starting time of the target period is S = 0 that is the occurrence time of the main shock. To examine whether or not the parameter values changed at a prescribed time, say T c , in the time interval [S, T present ] of a given data set starting at time S, we consider the following two-stage ETAS model with a change point, applied to the occurrence data sets of the separate sub-intervals [S, T c 
for a single ETAS model for the entire period [S, T present ]. Here we typically select T c to include similar numbers of aftershocks in each of the divided sub-intervals because of the decreasing trend of aftershock activity. Note here that the log-likelihoods for any sub-intervals include the observed aftershocks and the main shock as the occurrence history preceding the target sub-interval of the fitting.
We then compare AIC 0 with AIC 12 = AIC 1 + AIC 2 . For the case where AIC 0 is smaller, then we adopt the same parameters throughout the interval [S, T present ] for the future forecast, and keep the same starting time S for the next comparison in the future designed date. Otherwise, we adopt the maximum likelihood estimates for the data for [T c , T present ], and reset the starting time S = T c for the next comparison in the future designed date.
It is useful to keep in mind that exp{−AIC/2} can be interpreted as the relative probability of the model. Therefore, when the difference of the AIC 0 and AIC 12 is small, it may better to consider combining the two forecasts to one ensemble forecast, by averaging the models with the weight of exp{−AIC/2} (Akaike, 1980b; .
S2.3. Learning period for the ETAS forecasts
Among the parameters of the ETAS models, the α-value stands for the degree of the aftershock cascading. Therefore, it is accurately estimated if the α-value is small. Otherwise, the larger α-value means that the ETAS model is closer to the Omori-Utsu formula, and then the error of the MLE increases. This is caused by the fact that obscure secondary aftershocks are masked by the intense aftershock activity and lowered detection capability in the first day after the main shock. Hence the learning period for the forecasting by the ETAS model depends on such characteristics of the aftershock activity. Therefore, we set the prior distribution of the α-value based on the empirical study for a stable estimation of the ETAS model with a shorter learning period, then the estimated ETAS model can forecast the probability of high secondary aftershock activity depending on the magnitude of a triggering aftershock. Enescu et al., ( , 2009 ) carefully identified as many aftershocks as possible from continuous waveform data and reported that the c-value of the Omori-Utsu formula for aftershock sequences with M>3.4 or 3.5 of recent inland main shocks in Japan is typically less than a few minutes. On the other hand our estimate of the c-values for aftershock sequences with M>2.0 is on the order of a few tens minutes, taking account of the detection rate changes (see Table 1 of the main text). This difference between the estimates of the c-value may come from the difference of the threshold magnitudes. Actually, the c-value has been shown to depend on the threshold magnitude (See Nanjo et al., 2007) : the lower the threshold magnitude is, the larger the c-value is. Furthermore, there is an argument that a positive c-value of the Omori-Utsu estimate can reflect the complexity of aftershock occurrence in the very beginning (section 6 in .
S2.4. Dependency of the c-value estimate and threshold magnitude
Anyway, we hope that the promising state-of-art methodology to identify more aftershocks from continuous waveform data (Enescu et al., , 2009 Peng et al., 2007) will be developed to work in real-time. By combining such methodology with our method, we could achieve much more improvement in the real-time aftershock forecast.
